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SOME TRIVIALITY RESULTS FOR QUASI-EINSTEIN
MANIFOLDS AND EINSTEIN WARPED PRODUCTS
PAOLO MASTROLIA AND MICHELE RIMOLDI
Abstract. In this paper we prove a number of triviality results for
Einstein warped products and quasi-Einstein manifolds using different
techniques and under assumptions of various nature. In particular we
obtain and exploit gradient estimates for solutions of weighted Poisson-
type equations and adaptations to the weighted setting of some Liouville-
type theorems.
1. Introduction
A weighted manifold, also known in the literature as a smooth metric
measure space, is a triple (Mm, gM , e
−fdvol), where Mm is a complete m-
dimensional Riemannian manifold with metric gM , f ∈ C∞(M) and dvol
denotes the canonical Riemannian volume form on M . The Ricci tensor
can be naturally extended to weighted manifolds introducing the modified
k-Bakry-Emery Ricci tensor
(1) Rickf = Ric+Hess(f)−
1
k
df ⊗ df, for 0 < k ≤ ∞.
When f is constant, Rickf ≡ Ric, while, if k = ∞, Rickf = Ricf , the usual
Bakry-Emery Ricci tensor. For a detailed introduction to weighted manifolds
and the k-Bakry-Emery Ricci tensor, we refer to the papers of Wei and Wylie
([28], [29]) and Li ([12]).
We call a weighted manifold k-quasi-Einstein or simply quasi-Einstein
(and gM is a quasi-Einstein metric) if
(2) Rickf = λgM ,
for some λ ∈ R (see [6]). We note that:
• if f = constant, (2) is the Einstein equation, and in this case we call
the quasi-Einstein metric trivial ;
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• if k = ∞, (2) is exactly the gradient Ricci soliton equation. In the
last years, since the appearance of the seminal works of R. Hamil-
ton [9] and G. Perelman [16], the study of Ricci solitons (and of
their generalizations) has become the matter of a rapidly increas-
ing investigation, directed mainly toward problems of classification
and triviality ; among the enormous literature on the subject we only
quote, as a few examples, the papers [17], [19], [18], [24], [20], [8].
In the following we deal only with the case k ∈ N, which corresponds to the
case of Einstein warped product metrics. Indeed, in [6], elaborating on [11],
it is proved a characterization of quasi-Einstein metrics as base metrics of
Einstein warped product metrics. This characterization can be formulated
in the following form (see [26], Theorem 2). Recall that the f -Laplacian of a
weighted manifold (M,gM , e
−fdvol) is defined as the diffusion-type operator
∆f = e
f div(e−f∇ ).
Theorem 1. If Nm+k =Mm ×u F k is a complete Einstein warped product
with Einstein constant λ, warping function u = e−f/k and Einstein fibre F k,
then the weighted manifold (Mm, gM , e
−fdvol) satisfies the quasi-Einstein
equation (2); furthermore, the Einstein constant µ of the fibre satisfies the
equation
(3) ∆ff = kλ− kµe
2
k
f .
Conversely, if the weighted manifold (Mm, gM , e
−fdvol) satisfies (2), then f
satisfies (3) for some constant µ ∈ R. Consider the warped product Nm+k =
Mm ×u F k, with u = e−f/k, and Einstein fibre F with Einstein constant µ.
Then N is Einstein with RicN = λgN .
The previous characterization permits to study Einstein warped products
by focusing only on equation (3).
Examples of quasi-Einstein manifolds with λ < 0 and µ of arbitrary sign,
or with λ = 0 and µ ≥ 0 are constructed in [2]. Moreover, in the latter case,
all non-trivial examples have µ > 0, while the trivial quasi-Einstein metrics
with λ = 0 necessarily satisfy µ = 0. Other non-trivial examples with λ > 0,
k > 1 and µ > 0 are constructed in [13]. Since, if k < ∞ and λ > 0, M is
necessarily compact (see [25]), the maximum principle applied to (3) yields
that µ > 0 in this situation.
The aim of this work is to prove a number of triviality results obtained
with different techniques and under assumptions of various nature. The
paper is organized as follows.
In Section 2 the key tools are gradient estimates for solutions of the class
of equations to which (3) belongs to. First we prove a new gradient estimate
which extend to the case λ < 0 the one given by J. Case in [5]. This will
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allow us to obtain a triviality result when the function f is bounded from
below by a constant depending on m, k and on the Einstein constants λ and
µ, respectively of the warped product and of the fibre. Further triviality
results adapting Liouville-type theorems from [15] are also given.
In [26] one of the authors prove a triviality result under weighted inte-
grability conditions on f . In Section 3, using a Motomiya-type theorem, we
are able to obtain the same conclusion under a more natural integrability
assumption.
In Section 4 we concentrate on 1-quasi-Einstein manifolds. Indeed, by
means of an adaptation to the weighted Laplacian of a Liouville-type result
obtained in [22], we get the triviality of the quasi-Einstein structure or the
constancy of the scalar curvature.
2. Gradient estimates and triviality results
2.1. A generalization of Case’s gradient estimate. In [5] J. Case deals
with the triviality of quasi-Einstein metrics, and hence, of Einstein warped
products, by considering only equation (3). However in that work only the
case λ ≥ 0 is studied.
Theorem 2. (Case) Let Nm+k =Mm ×u F k be a complete warped product
with warping function u(x) = e−
f(x)
k , scalar curvature NS ≥ 0 and complete
Einstein fibre F . Then N is simply a Riemannian product provided the base
manifold M is complete and the scalar curvature of F satisfies FS ≤ 0.
Remark 3. If λ > 0, as observed above, the assertion of Theorem 2 can be
easily proved from (3) using the maximum principle.
Note also that in [26] a generalization of Theorem 2 is obtained, proving the
triviality when the warped product and the fibers, respectively, have non-
positive and non-negative scalar curvature, up to assume an integrability
condition on the warping function u.
The proof of Theorem 2 is a consequence of the following gradient estimate
for solutions of weighted Poisson equations (see also [27]).We denote with
B(q, T ) the geodesic ball centered in q of radius T .
Theorem 4. (Case) Let (Mm, gM , e
−fdvol) be such that Rickf ≥ 0, k <∞,
and
(4) ∆ff = φ(f),
where φ : R→ R is a function such that
(5) φ′(t) +
2
m
φ(t) ≥ 0
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for all t ∈ R. Then for all q ∈ M , T > 0 such that B(q, T ) is geodesically
connected in M and the closure B(q, T ) is compact,
(6) |∇f |2(q) ≤ mk
m+ k
2(m+ k + 6)
T 2
.
We are able to obtain a similar estimate even in case λ < 0.
Theorem 5. Let (Mm, gM , e
−fdvol) be a weighted manifold (not necessarily
complete). Suppose that, for some k < +∞, Z > 0,
(7) Rickf ≥ λ = −(m+ k − 1)Z2
and that
(8) ∆ff = ψ(f),
where ψ : R→ R satisfy
(9) ψ′(t) +
2
m
ψ(t) + λ ≥ 0
for all t ∈ R. Then for all q ∈M and T > 0 such that B(q, T ) is geodesically
connected in M and the closure B(q, T ) is compact,
(10) |∇f |2(q) ≤ mk
m+ k
[
2(m+ k + 6)
T 2
− 4
√
3
9
λ
Z
1
T
]
.
Remark 6. Note that in case Rickf ≥ 0 we recover Case’s result by letting
Z → 0+.
Proof. From the Bochner formula (see, for instance, [15])
1
2
∆f |∇u|2 = |Hess(u)|2+gM (∇∆fu,∇u)+Rickf (∇u,∇u)+
1
k
gM (∇f,∇u)2.
Applying the previous formula to f and using (7), (8), (9), Newton inequal-
ities and ∆f = ∆ff + |∇f |2 we obtain
1
2
∆f |∇f |2 = |Hess(f)|2 + gM (∇∆ff,∇f) +Rickf (∇f,∇f) +
1
k
|∇f |4
≥ |Hess(f)|2 + ψ′(f)|∇f |2 + λ|∇f |2 + 1
k
|∇f |4
≥ 1
m
(∆f)2 + ψ′(f)|∇f |2 + λ|∇f |2 + 1
k
|∇f |4
=
1
m
ψ2(f) +
(
ψ′(f) +
2
m
ψ(f) + λ
)
|∇f |2 +
(
1
m
+
1
k
)
|∇f |4
≥
(
1
m
+
1
k
)
|∇f |4,
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and then we deduce
(11) ∆f |∇f |2 ≥ 2
(
1
m
+
1
k
)
|∇f |4.
Let now ρ(x) := dist(q, x) (using the Calabi trick, [3], we can suppose that
ρ is smooth) and consider on B(q, T ) the function
(12) F (x) =
[
T 2 − ρ2(x)]2 |∇f |2.
If |∇f | ≡ 0 we have nothing to prove; if |∇f | 6≡ 0, since F ≥ 0 and
F |∂B(q,T ) ≡ 0, there exists a point x0 ∈ B(q, T ) such that F (x0) = max
B(q,T )
F (x) >
0. At x0 we then have
(13)
∇F
F
(x0) = 0,
(14)
∆fF
F
(x0) ≤ 0.
A long but straightforward calculation shows that (13) is equivalent to
(15)
∇|∇f |2
|∇f |2 =
2∇ρ2
T 2 − ρ2 at x0,
while, using (15) and the Gauss lemma, condition (14) is equivalent to
(16) 0 ≥ −2 ∆fρ
2
T 2 − ρ2 +
∆f |∇f |2
|∇f |2 − 24
ρ2
(T 2 − ρ2)2 at x0.
From the f -Laplacian comparison theorem (see [25], [14]) we have
(17) ∆fρ
2 ≤ 2 [(m+ k) + (m+ k − 1)Zρ] ;
combining (11), (16) and (17) we find, at x0,
0 ≥ −4[(m+ k) + (m+ k − 1)Zρ]
T 2 − ρ2 + 2
(
1
m
+
1
k
)
|∇f |2 − 24 ρ
2
(T 2 − ρ2)2 ,
which implies, multiplying through by (T 2 − ρ2)2, that at x0 we have
(18) 0 ≥ −4 [(m+ k) + (m+ k − 1)Zρ] (T 2 − ρ2) + 2
(
1
m
+
1
k
)
F − 24ρ2.
The previous relation can be rewritten as
(19) 0 ≥ −4(m+ k)(T 2 − ρ2) + 2
(
1
m
+
1
k
)
F − 24ρ2 +H3(ρ),
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where H3 : [0, T ]→ R is defined by H3(ρ) = 4(m+ k− 1)Z(ρ3−T 2ρ). Since
H3 assumes its minimum value −8
√
3
9 (m+ k − 1)ZT 3 = 8
√
3λ
9Z T
3 for t¯ = T√
3
,
equation (19) implies
0 ≥ −4(m+ k)T 2 + 2
(
1
m
+
1
k
)[
T 2 − ρ2(x)]2 |∇f |2 + 8√3λ
9Z
T 3 − 24ρ2,
and so
2
(
1
m
+
1
k
)[
T 2 − ρ2(x)]2 |∇f |2 ≤ 4(m+ k + 6)T 2 − 8√3λ
9Z
T 3,
which easily implies the thesis taking the sup on B(q, T ). 
As a corollary we immediately get to the following Liouville-type theorem
for Einstein warped products.
Theorem 7. Let N =Mm ×u F k a complete Einstein warped product with
warping function u = e−f/k. scalar curvature NS = (m + k)λ < 0 and
complete Einstein fibre F k with scalar curvature FS = kµ < 0. Suppose that
(20) f ≥ k
2
log
(
λ
2µ
m+ 2k
m+ k
)
for all x ∈M.
Then N is simply a Riemannian product (up to a rescaling of the metric on
F ).
Proof. Since N is an Einstein warped product, from Theorem 1 we know
that f satisfies the equation
∆ff = kλ− kµe
2
k
f ,
so, with the notation used above, we have that ψ(t) = kλ−kµe 2k t. Equation
(20) implies (9), so we can apply Theorem 5. Since M is complete, letting
T → +∞ we obtain the thesis. 
2.2. Applications of other gradient estimates. In the same spirit, adapt-
ing results from [15] we also achieve other triviality results from a-priori es-
timates for the gradient of global solutions of equations slightly more general
than (4). In particular as a consequence of Theorem 2.3 in [15] we deduce
the following
Theorem 8. Let N =Mm ×u F k a complete Einstein warped product with
Einstein constant λ < 0, warping function u = e−f/k and Einstein fibre F k
with Einstein constant µ < 0. Suppose that
(21) f ≥ k
2
log
(
λ
2µ
)
for all x ∈M
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and that
(22) |f | ≤ D(1 + r(x))ν
for some D ≥ 0, ν ∈ R. Then N is simply a Riemannian product(up to a
rescaling of the metric on F ), provided
(23) 0 ≤ ν < 1.
Proof. Since N is an Einstein warped product, from the previous discussions
we know that f satisfies (3). Now, referring to Theorem 2.3 in [15], condition
(2.23) is satisfied (with equality sign) for δ = 0 and λ = −(n − 1)H2 =
−(m+ k − 1)H2, condition (2.25) is guaranteed by (21) and (2.26) is valid
for all θ ∈ R, since A = B = e−f , so we can choose, for instance, θ = −2.
Hence f is constant by Theorem 2.3 in [15]. 
Remark 9. Note that condition (21) is more general than (20), but in order
to obtain triviality in Theorem 8 we also need to require f to have sublinear
growth.
3. A refined version of Theorem 1 in [26]
In the present section we state a weighted version of Theorem 1.31 in [23],
which can be proved by minor changes to the proof of this latter, and a suffi-
cient condition for the validity of the full Omori-Yau maximum principle for
the f -Laplacian; our goal is to deduce a triviality result for complete Einstein
warped products, which is a corollary of Theorem 1 in [26], replacing the in-
tegrability assumption with weight e−
f
k in the aforementioned theorem with
a more natural condition. We recall that a Riemannian manifold (M, 〈, 〉)
is said to satisfy the Omori-Yau maximum principle for the f -laplacian if
for each u ∈ C2(M) such that u∗ = supM u < +∞ there exists a sequence
{xk} ⊂M such that
(i)u(xk) > u
∗ − 1
k
, (ii) |∇u(xk)| < 1
k
, (iii)∆fu(xk) <
1
k
for each k ∈ N.
Theorem 10. Assume on the complete weighted manifold (M,gM , e
−fdvol)
the validity of the full Omori-Yau maximum principle for the f -Laplacian.
Let v ∈ C2(M) be a solution of the differential inequality
∆fv ≥ Φ(v, |∇v|),
with Φ(t, y) continuous in t, C2 in y and such that
∂Φ
∂y
(t, y) ≥ 0.
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Set ϕ(t) = Φ(t, 0). Then a sufficient condition to guarantee that
v∗ = sup
M
v < +∞
is the existence of a continuous function F positive on [a,+∞) for some
a ∈ R satisfying
(24)
{∫ t
a
F (s)ds
}− 1
2
∈ L1(+∞),
(25) lim sup
t→+∞
∫ t
a F (s)ds
tF (t)
< +∞,
(26) lim inf
t→+∞
ϕ(t)
F (t)
> 0
and
(27) lim inf
t→+∞
{∫ t
a F (s)ds
} 1
2
F (t)
∂Φ
∂y
∣∣∣∣
(t,0)
> −∞.
Furthermore in this case
ϕ(v∗) ≤ 0.
Consider now the equation
(28) ∆ff = kλ− kµe
2
k
f .
and let µ < 0. If we choose ϕ(t) = Φ(t, y) = mλ−mµe 2k t and F (t) = (t−a)σ ,
with σ > 1, then F satisfies the assumptions of Theorem 10. However, to
use Theorem 10, we have also to assure on (M,gM , e
−fdvol) the validity of
the full Omori-Yau maximum principle for the f -laplacian.
We will use the following corollary of Theorem 4.1 in [20].
Corollary 11. Let (Mm, gM , e
−fdvol) be a complete weighted manifold such
that
(29) Rickf (∇r,∇r) ≥ −(m+ k − 1)G(r)
for a smooth positive function G on [0,+∞), even at the origin and satisfying
(30)
(i) G (0) > 0 (ii) G′ (t) ≥ 0 on [0,+∞)
(iii)G (t)−
1
2 /∈ L1 (+∞) (iv) lim supt→+∞
tG
(
t
1
2
)
G(t) < +∞.
Then the Omori-Yau maximum principle for the f -Laplacian holds on M .
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Proof. Let h be the solution on R+0 of the Cauchy problem{
h′′ −Gh = 0
h(0) = 0; h′(0) = 1.
Then, by Proposition 2.3 in [14], the inequality
∆fr ≤ −(m+ k − 1)h
′
h
≤ C1G(r)
1
2 ,
holds pointwise in M \ (cut(o) ∪ {o}) for some constant C1. Thus
(31) ∆fr
2 = 2r∆fr + 2 ≤ 2 + 2rC1G(r)
1
2 ≤ C2rG(r)
1
2 ,
off a compact set, and the hypotheses (4.1), (4.2) and (4.3) of Theorem 4.1
in [20] are satisfied with γ = r2. In that theorem it is also assumed a bound
on the gradient of f , but here we don’t need this further hypothesis. Indeed
by (31) we can replace the last part of the proof of Theorem 4.1 in [20] with
the following computation.
∆fu (xk) = ∆u (xk)− 〈∇u,∇f〉 (xk)
≤(u (xk)− u (p) + 1)
k
{
ϕ′(γ(xk))
ϕ(γ(xk))
∆γ(xk) +
1
k
(
ϕ′(γ(xk))
ϕ(γ(xk))
)2
|∇γ|2 (xk)
}
− (u (xk)− u (p) + 1)
k
ϕ′(γ(xk))
ϕ(γ(xk))
〈∇γ(xk),∇f(xk)〉
≤(u (xk)− u (p) + 1)
k
{
ϕ′(γ(xk))
ϕ(γ(xk))
∆fγ(xk) +
1
k
(
ϕ′(γ(xk))
ϕ(γ(xk))
)2
|∇γ|2 (xk)
}
≤(u (xk)− u (p) + 1)
k
{
c
γ1/2G
(
γ1/2
)1/2C2γ1/2G(γ1/2)1/2
+
1
k
· c
2
γG
(
γ1/2
)A2γ} ,
and the RHS tends to zero as k → +∞. 
Hence, choosing G(t) = t2 + |λ|+εm+k−1 , for some ε > 0, we obtain that the
full Omori–Yau maximum principle for the f–laplacian holds on a generic
quasi–Einstein manifold.
As an application of Theorem 10 we can deduce the following result.
Corollary 12. Let Nm+k =Mm×uF k be a complete Einstein warped prod-
uct with non-positive scalar curvature (m+k)λ = NS ≤ 0, warping function
u(x) = e−
f(x)
k satisfying infM f = f∗ > −∞ and complete Einstein fibre
F . Suppose also that FS < 0. Then f∗ < +∞. In particular Riemannian
volumes are equivalent to f–weighted volumes.
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Proof. Applying Theorem 10 to equation (28) we obtain that f∗ < +∞.
Since, by assumption, we know also that f∗ > −∞ the thesis follows easily.

From Corollary 12 we immediately get the following corollary of Theorem
1 in [26].
Corollary 13. Let Nm+k = Mm ×u F k be a complete Einstein warped
product with non-positive scalar curvature (m + k)λ = NS ≤ 0, warping
function u(x) = e−
f(x)
k satisfying infM f = f∗ > −∞ and complete Einstein
fibre F . Suppose also that FS < 0. Then N is simply a Riemannian product
if the base manifold M is complete and non-compact, the warping function
satisfies f ∈ Lp(M,e−fdvol), for some 1 < p < +∞, and f (x0) ≤ 0 for
some point x0 ∈M .
From the Motomiya–type theorem we deduce also the following result.
Theorem 14. Let Nm+k =Mm×u F k be a complete Einstein warped prod-
uct with non–positive scalar curvature (m+k)λ = NS ≤ 0, warping function
u(x) = e−
f(x)
k satisfying infM f = f∗ > −∞ and complete Einstein fibre F
with FS < 0. Then MS∗ = mλ.
Proof. As above, by Theorem 10, we have that f∗ < +∞ and so
vol
f̂
(M) ≤ volf (M)e
k−1
k
f∗
From the weighted volume estimates in [25] and Theorem 9 in [24] we get
that the weak maximum principle at infinity for the f̂ -Laplacian holds on
M . Hence we can construct a sequence {xn} such that f(xn) → f∗ and
∆
f̂
f(xn) ≥ − 1n . Thus, since tracing (2) we have that ∆f̂f = mλ− MS, we
obtain that
− 1
n
≤ mλ− MS(xn) ≤ mλ− MS∗ ≤ 0,
where in the last inequality we have used the estimates of Theorem 3 in [26].
The conclusion now follows taking the limit for n→ +∞. 
4. A Liouville result for 1-quasi-Einstein manifolds
In this section we obtain another Liouville result for k-quasi-Einstein man-
ifolds, in case k = 1. It is well known that any 1-quasi-Einstein metric which
has µ = 0 (and so corresponds to a warped product Einstein metric) nec-
essarily has constant scalar curvature R ≡ (m − 1)λ. This follows simply
by taking the trace of the quasi-Einstein equation (2) and using equation
(3). Warped product Einstein metrics which correspond to these latters are
more commonly known as static metrics and have been studied extensively
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due to their connections to scalar curvature, the positive mass theorem, and
general relativity, (see e.g. [1], [7] and references indicated in the recent
preprint [10]).
As observed in [4], also the study of quasi-Einstein metrics with k = 1
and µ 6= 0 is interesting. Since we cannot apply Theorem 1 to construct the
related Einstein warped products, their existence proves that, even restrict-
ing to integer hidden dimension k, quasi–Einstein manifolds form a strictly
larger class of manifolds that those which are the base of an Einstein warped
product manifold. For some examples of these manifolds, constructed in the
more general setting of conformally warped manifolds, see the last section
of [4].
Our Liouville result, which is relevant exactly in the µ 6= 0 case, will
follow from an adaptation to the f -Laplacian under weighted volume growth
conditions of Theorem A in [22]. This can be deduced from the proof of the
latter, making minor modifications in the proofs of Theorem A, Lemma 1.2,
Theorem A′ in [21] and Theorem 2.5 in [22].
Theorem 15. Let φ be a continuous function on [0,+∞) satisfying the
conditions
(32)
(i) φ (0) = φ(a) = 0, (ii) φ (s) > 0 in (0, a) , (iii) φ(s) < 0 in (a,+∞) ,
for some a > 0, and
(33) lim inf
s→+∞
−φ(s)
sσ
> 0,
for some σ > 1; let also b(x) ∈ C0(M) and suppose that
b(x) ≥ C
(1 + r(x))µ
on M,
for some C > 0 and 0 ≤ µ < 2. Let u be a non-negative solution of
(34) ∆fu = −b(x)φ(u) on M.
Assume that
(35) lim inf
r→+∞
log volf (Br)
r2−µ
< +∞
and, if
(volf (∂Br))
−1 ∈ L1(+∞)
assume furthermore that
φ(t) ≥ ctξ 0 < t≪ 1
for some ξ > 0 and c > 0. Finally, if ξ ≥ 1 suppose also that
u(x) ≥ Dr(x)−θ, r(x)≫ 1
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for some θ ≥ 0, D > 0 and that
lim inf
r→+∞
log volf (Br)
r2−θ(ξ−1+ε)−µ
< +∞
for some ε > 0. Then u is constant and identically equal to 0 or a.
Now, consider a k-quasi-Einstein manifold (Mm, gM , e
−fdvol), k < +∞.
We recall that, according to Lemma 4 in [26], setting f˜ = k+2k f , the scalar
curvature S of a quasi-Einstein manifold satisfies the following relation,
(36)
1
2
∆
f˜
S = −k − 1
k
∣∣∣∣Ric− 1mSgM
∣∣∣∣2−k +m− 1km (S −mλ)
(
S − m(m− 1)
k +m− 1λ
)
.
Exploiting (36), one can obtain estimates for the infimum of the scalar cur-
vature S∗ = infM S (see Theorem 3 in [26]). In particular we have that for
λ > 0
(37)
m(m− 1)
m+ k − 1 < S∗ ≤ mλ,
and for λ < 0 and infM f > −∞
(38) mλ ≤ S∗ ≤ m(m− 1)
m+ k − 1λ.
In the special case k = 1 equation (36) becomes
(39) ∆
f˜
S = −2(S −mλ)(S − (m− 1)λ).
Making an essential use of (39), we now prove the following theorem which,
jointly with (37) and (38), essentially states that, under suitable geometric
assumption, when the scalar curvature is confined in a particular interval
it has to be constant and identically equal to one of the extremes of the
interval. Some extra rigidity in case λ > 0 is also discussed.
Theorem 16. Let (Mm, gM , e
−fdvol) be a geodesically complete 1- quasi-
Einstein manifold with quasi-Einstein constant λ and scalar curvature S.
Set f˜ = 3f and suppose that f∗ = infM f > −∞.
If
(vol
f˜
(∂Br))
−1 ∈ L1(+∞),
letting
u(x) =
{
−S(x) + (m− 1)λ λ < 0
−S(x) +mλ λ > 0,
assume furthermore that
u(x) ≥ Dr(x)−θ, r(x)≫ 1
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for some θ ≥ 0, D > 0, and that
lim inf
r→+∞
log vol
f˜
(Br)
r2−θε
< +∞
for some ε > 0.
(a) If λ < 0 and S ≤ (m−1)λ we obtain that S is constant and identically
equal to either (m− 1)λ or mλ.
(b) If λ > 0 and S ≤ mλ then S is constant, identically equal to mλ and
M is Einstein.
Proof. (a) Assume λ < 0. Considering u = −S + (m − 1)λ, which is non-
negative for S ≤ (m− 1)λ, from (39) we obtain that
(40) ∆
f˜
u = 2u(u+ λ).
We want now to apply Theorem 15 to the equation (40) on the weighted
manifold (M,gM , e
−f˜dvol). If we choose φ(t) = −2t(t+λ), it clearly satisfies
assumptions (32) and (33) with a = −λ and the equation (40) can be written
in the form
∆
f˜
u = −φ(u),
as in the statement of Theorem 15.
Furthermore, according to Qian weighted volume estimates, ([25]), since
by assumption f∗ > −∞, we have the validity of the condition on the f˜ -
volume growth of the form (35). Hence by Theorem 15 we are able to
conclude that S is constant and identically equal to either mλ or (m− 1)λ.
(b) Assume λ > 0. Consider u = −S + mλ which is non-negative for
S ≤ mλ, and choose φ(t) = −2t(t − λ); applying Theorem 15 with a = λ,
we conclude that S is constant and identically equal to either (m − 1)λ or
mλ.
Now we show that the first case cannot happen. Indeed, suppose that
S ≡ (m−1)λ. Substituing in the trace of the quasi-Einstein equation we get
that ∆f ≥ 0 and since M is compact we obtain that f is constant and M is
Einstein with Ric = λgM . But this is clearly impossible, since tracing this
latter equation we get a contradiction. Hence S ≡ mλ. Substituing again in
the trace of the quasi-Einstein equation we obtain, reasoning as above, that
f is constant, and thus that M is Einstein. 
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